In this paper we construct several new families of quantum codes with good and asymptotically good parameters. These new quantum codes are derived from (classical) algebraic geometry (AG) codes by applying the Calderbank-Shor-Steane (CSS) construction. Many of these codes have large minimum distances when compared with its code length and they have relatively small Singleton defect. For example, we construct a family [[46, 2(t2 − t1), d]] 25 of quantum codes, where t1, t2 are positive integers such that 1 < t1 < t2 < 23 and d ≥ min{46 − 2t2, 2t1 − 2}, of length n = 46, with minimum distance in the range 2 ≤ d ≤ 20, having Singleton defect four. Additionally, by utilizing t-point AG codes, with t ≥ 2, we show how to obtain sequences of asymptotically good quantum codes.
Introduction
Methods and techniques to construct quantum codes with good parameters are extensively investigated in the literature [1, 3-5, 10, 11, 13, 14, 16] . In particular, constructions of quantum codes whose parameters are asymptotically good have also been presented [2, 4, 5, 12, 17] . All these codes are based on algebraic geometry (AG) classical codes. In fact, the class of AG codes is a good source of asymptotically good codes (see [7, 19] ). In Refs. [2, 4, 5, 17] , the authors constructed asymptotically good binary quantum codes and in Ref [12] , the authors presented families of nonbinary asymptotically good quantum codes by means of one-point AG codes.
In this paper, by means of t-point algebraic geometry classical codes, as well as by means of algebraic geometry codes whose divisor G is not a rational place, we construct nonbinary quantum codes with good parameters. In order to do this, we apply to these codes the Calderbank-Shor-Steane (CSS) quantum code construction. Additionally, by utilizing t-point AG codes, t ≥ 2, we construct sequences of asymptotically good quantum codes.
The paper is arranged as follows. In Section 2, we recall the concepts utilized in this work. Section 3 deals with the contributions of this paper, i.e. constructions of quantum codes with good and asymptotically good parameters derived from classical AG codes. In Section 4, we compare the new code parameters with the ones shown in the literature and, in Section 5, we give a summary of this work.
Preliminaries
Let F q be the finite field with q elements, where q is a prime power and let F/F q be a algebraic function field of genus g. We denote by P F the set of places of F/F q and by D F the (free) group of divisors of F/F q . For each x ∈ F/F q , the principal divisor (x) of x is defined by (x) := P v P (x)P , where v P is the discrete valuation corresponding to the place P . Let A be a divisor of F/F q . Then we define l(A) := dim L(A), where L(A) is the Riemann-Roch space associated to A, given by L(A) := {x ∈ F | (x) ≥ −A} ∪ {0}. Let Ω F be the differential space of F/F q , i.e. Ω F := {w | w is a W eil dif f erential of F/F q }. For every nonzero differential w, we denote its canonical divisor by (w) := P v P (w)P ,
In what follows, we assume that P 1 , . . . , P n are pairwise distinct places of F/F q of degree 1 and 
Let D and G as above. We define the code
where resp Pi (w) denotes the residue of w at P i .
Recall that a q-ary quantum code Q of length n is a K-dimensional subspace of the q n -dimensional Hilbert space (C q ) ⊗n , where ⊗n denotes the tensor product of vector spaces. If K = q k we write [[n, k, d]] q to denote a q-ary quantum code of length n and minimum distance d. Let [[n, k, d]] q be a quantum code. The Quantum Singleton Bound (QSB) asserts that k + 2d ≤ n + 2. If the equality holds then the code is called a maximum distance separable (MDS) code. For more details on quantum codes, the reader can consult [11, 18] .
Lemma 2.5 [3, 11, 18] (CSS construction) Let C 1 and C 2 denote two classical linear codes with parameters [n,
The New Codes
This section is divided in three parts. The first subsection deals with constructions of quantum t-point algebraic geometry codes; in the second one, we construct AG codes where the divisor G is a sum of non-rational places, and in the third subsection, we construct sequences of asymptotically good quantum AG codes.
Construction I
In this section we present the contributions of this work. The first result utilizes two t-point AG codes in order to derive quantum codes with good parameters. Theorem 3.1 (General t-point construction) Let q be a prime power and F/F q be an algebraic function field of genus g with n + t pairwise distinct rational places. Assume that a i , b i , i = 1, . . . , t, are positive integers such that
Proof: Let {P 1 , P 2 , . . . , P n , P n+1 , . . . , P n+t } be the set of places of F/F q of degree one. Let D = P 1 + . . . + P n be a divisor of F/F q . Assume also that G 1 and G 2 are two divisors of F/F q given respectively by G 1 = a 1 P n+1 + . . . + a t P n+t and
On the other hand, from Theorems 2.3 and 2.4, the dual code
Applying the CSS construction to the codes C 1 and C 2 , we obtain an [[n, k, d]]uantum code with the mentioned parameters, as required.
Remark 3.2 Note that in the papers [5, 12] , the authors utilize one-point AG codes to construct good/(asymptotically good) quantum codes. In [4] , the author applied two-point AG codes to derive good/(asymptotically good) quantum codes. In Theorem 3.1 we generalize, in a natural way, the one-point and two-point code constructions to the t-point code construction, where t ≥ 1. 
Proof: Let F = F q 2 (x, y) with y q + y = x m and m|(q + 1). It is known that the genus of F is g = (q − 1)(m − 1)/2 and the number of places of degree one is N = 1 + q(1 + (q − 1)m) (see [20, Example 6.4 .2., pg 234]). Let {P 1 , P 2 , . . . , P n , P n+1 , . . . , P N } be these pairwise distinct places. Without loss of generality, choose the F q 2 -rational point P N . Let D = P 1 + . . . + P N −1 be a divisor and
The proof is complete.
Remark 3.4 Note that the Hermitian curve defined by y q +y = x q+1 over F q 2 is a particular case of the curve y q + y = x m considered in the proof of Corollary 3.3.
Corollary 3.5 (Two-Point codes) There exists a quantum code with parameters
Proof: Let D = P 1 + . . . + P N −2 be a divisor and
Corollary 3.6 (t-Point codes) There exists a quantum code with parameters
Proof: Similar to that of Corollary 3.5.
Construction II
In this section we deal with quantum codes derived from AG codes whose divisors are multiples of a non rational divisor G. The first result is given in the sequence.
Theorem 3.7 (General construction) Let q be a prime power and F/F q be an algebraic function field of genus g with n pairwise distinct rational places P i , i = 1, . . . , n. Assume that there exist pairwise distinct places Q 1 , . . . , Q t of
Proof: The proof is similar to that of Theorem 3.1.
Corollary 3.8 Let q be a prime power and F/F q be a hyperelliptic function field of genus g with n rational places. 
Construction III
In this subsection, we propose constructions of sequence of asymptotically good quantum codes derived from AG codes.
Recall that a tower of function fields (see [7, Definition 1.3] ) over F q is a sequence T = (F 1 , F 2 , . . .) of function fields F i /F q with the properties:
(2) For each n ≥ 1, the extension F n+1 /F n is separable of degree [F n+1 :
F n ] > 1.
(3) g(F j ) > 1, for some j > 1.
By the Hurwitz genus formula, the condition (3) implies that g(F n ) → ∞ for n → ∞. The tower is said to be asymptotically good if λ(T ) = lim sup i→∞ N (F i )/g(F i ) > 0, where N (F i ) and g(F i ) denote the number of F q -rational points and the genus of F i , respectively. In the case of tower of function field one can replace lim sup i→∞ N (F i )/g(F i ) by lim i→∞ N (F i )/g(F i ) because the sequence (N (F i )/g(F i )) i≥1 is convergent. We say that the tower T (over F q ) attains the Drinfeld-Vladut bound if λ(T ) = lim sup i→∞ N (F i )/g(F i ) = √ q − 1. To simplify the notation we put N (F i ) = N i and g(F i ) = g i .
Let (Q i ) i≥1 be a sequence of quantum codes over F q with parameters [[n i , k i , d i ]] q , respectively. We say that (Q i ) i≥1 is asymptotically good if lim sup i→∞ k i /n i > 0 and lim sup i→∞ d i /n i > 0. Now we can show the next result.
Theorem 3.10 (Two-point asymptotically good codes) Assume that the tower T = (F 1 , F 2 , . . .) of function field over F q attains the Drinfeld-Vladut bound. Then there exists a sequence (Q i ) i≥1 of asymptotically good quantum codes over F q derived from classical two-point AG codes. Proof: For each F i , let us consider the set of rational places P 1 (i), . . . , P Ni−2 (i), P Ni−1 (i), P Ni (i) of F i . We set the divisors D(i) = P 1 (i) + . . . G 2 (i) ] be the two-point AG codes over F q corresponding to G 1 (i) and G 2 (i), respectively; thus
, where in the last equality we use the fact that lim sup
Therefore, there exists a sequence (Q i ) i≥1 of asymptotically good quantum codes over F q . The proof is complete. Proof: We adopt the same notation of the proof of Theorem 3.10. For each F i , let us consider the set of rational places
and proceeding similar as in the proof of Theorem 3.10, the result follows.
Let q be a prime power. Let C = [n, k, d] q m be a linear code over F q m and let β be a basis of F q m over F q . Assume also that β ⊥ is a dual basis of β. Let C ⊥ be the Euclidean dual of C. Then one has [β(C)] ⊥ = β ⊥ (C ⊥ ) (see [8, 15] ).
Theorem 3.12 For any prime p, there exists a sequence (Q i ) i≥1 of asymptotically good quantum codes over F p .
Proof: Let q 2 = p 2r , p prime. Consider the tower of function field T = (F 1 , F 2 , . . .) over F q 2 , shown in [7] , defined by F t = F q 2 (x 1 , . . . , x t ), where
This tower attains the DrinfeldVladut bound. We next expand the codes C 1 (i) and C 2 (i) shown in the proof of Theorem 3.10 with respect to some basis β of F q 2 over F p obtaining, in this way, codes β(C 1 (i)) and β(C 2 (i)) both over F p with parameters [2r
, we can apply the CSS construction to these codes, obtaining therefore an [[2r 
). Proceeding similarly as in the proof of Theorem 3.10 we get
Remark 3.13 Although the proofs of Theorems 3.10 and 3.12 are similar to that of given in Refs. [5, 12] in our case we utilize t-point (t ≥ 2) AG codes whereas in such references, the authors utilized one-point AG codes to this end. Other difference is that in Refs. [5, 12] the authors utilized code concatenation to obtain codes over prime fields. Here we use code expansion.
Examples and Code Comparison
In Table 1 , we present some good quantum codes obtained from Corollaries 3.3 and 3.5. All the codes shown in Table 1 When the alphabet is large, it is difficult to find codes over such alphabets available in the literature. Because of this, we will compare the parameters of the new codes based on the quantum Singleton bound (QSB). Recall that an [[n, k, d]]uantum code satisfies k + 2d ≤ n + 2 (QSB). Note that our new quantum codes of length 46 has Singleton defect 4. Moreover, all new quantum codes of length n = 26 and n = 27 exhibited in Table 1 have Singleton defect 6. It is also interesting to observe the our new codes of length n = 175 shown in Table 1 
Final Remarks
We have constructed several new families of quantum codes with good and asymptotically good parameters. These new quantum codes are derived from algebraic geometry codes. Many of these quantum codes have large minimum distances when compared with its code length. Additionally, they have relatively small Singleton defect. Moreover, we have shown how to obtain sequences of asymptotically good quantum codes derived from t-point AG codes, where t ≥ 2. Therefore, the class of algebraic geometry is a good source to construct quantum codes with good or asymptotically good parameters.
